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1 Week 5. Convex Optimization

1.1 The convex optimization formulation

A general optimization problem is defined as follows: given a function f : Rn → R, find the
minimum f(x) such that x ∈ S. We write the problem as:

min f(x)

s.t. x ∈ S

In this formulation S is a set that could be continuous such as all reals Rn, discrete
such as binary {0, 1}n or integer Zn, or a mixed set of continuous and discrete values (e.g.,
Zn∩{xi ≥ 10,∀i = 1, ..., n}). Optimization problems are intractable in general. For example,
consider a function which is 0 everywhere except at x0, and f(x0) = −1. To find the
minimum, we will have to search for the whole space. However, there is an important special
case for which we have found polynomial-time algorithms to solve the problem: convex
optimization. We define the notion of convexity for functions and sets.

Definition 1.1 (Convexity). A function f : Rn → R is convex if ∀x, y ∈ Rn, and ∀λ ∈
[0, 1], the following inequality holds:

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y). (1)

A set S ⊆ Rn is convex if and only if the whole segment between any two point x, y in S
belong to S:

x, y ∈ S → [x, y] ⊆ S. (2)

When f is differentiable, an equivalent definition will be that the first order approximation
at any point x gives a lower bound on the function f :

f(y)− f(x) ≥ 〈∇f(x), y − x〉 . (3)

Convex optimization problems are optimization problems with convex objective function f
and convex feasible domain S. We present several applications of convex optimization.

Example 1.1 (Routing with minimum congestion). Given a graph G = (V,E) and k
pairs of demand vertices (si, ti), find a single path pi from si to ti for every i, trying to
minimize the congestion C. The congestion is defined as the maximum number of paths
going through the any single edge in a directed graph C = maxe∈E |{i|e ∈ pi|. This problem
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can be formulated as a convex optimization problem (which can be turned into a linear
optimization problem by setting C as a new variable):

maxC∑
e∈δ+(v)

xie =
∑

e∈δ−(v)

xie ∀i, v ∈ V, v 6= si, ti

∑
e∈δ−(si)

xie =
∑

e∈δ+(ti)

xie = 1 ∀i ∈ V

∑
i

xie ≤ C ∀e ∈ V

xie ≥ 0 ∀i, e ∈ V

The sets δ+(v) and δ−(v) correspond to the incoming and outcoming vertices, respectively,
for vertex v. The summation constraints enforce flow conservation for all vertices. �

Example 1.2 (Learning with errors). Suppose we have a set of points {a1, a2, ..., aN} ∈
Rn, with each point marked with label either + or −. We want to find a hyperplane (repre-
sented by norm vector w, where w1 is set to 1 since w = 0 is not desirable) that separates
the +’s and −’s. The problem can be formulated as:

find w, t ∈ Rn

s.t. wTai ≥ t, if l(ai) = +

wTai < t, if l(ai) = −
w1 = 1

The perfect separation is not always possible and minimizing the number of misclassified
points is NP-hard. Rather than counting the number of misclassified points, we can quantify
the errors we made by a given hyperplane. Introduce an error yi for each point ai, vector w
and number t to denote the position of the hyperplane, and using the squared sum of total
errors as objective function, we have the following convex optimization problem:

min
∑
i

y2i

s.t. yi ≥ t− wTai, if l(ai) = +

yi ≥ wTai − t, if l(ai) = −
yi ≥ 0,∀i

Here the objective function can be any convex function, instead of the quadratic function in
the above. This problem can be solved in polynomial time. �

Example 1.3 (Max Cut). Let a graph be G = (V,E), and the edge weight be wij ∈ R
for all (i, j) ∈ E. The goal is to find a cut (partition of vertices) such that the total weight
across the cut is maximized. The max cut problem can be formulated as

max
1

4

∑
ij∈E

wij(xi − xj)2

s.t. xi ∈ {−1, 1},∀i ∈ V (G).
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This is not a convex optimization problem, and it is NP-hard. Max cut is hard because
the discreteness of the decision variables. A natural approach in approximating max cut
is to relax the decision variables (which can be viewed as randomizing the choices). Let
k ≤ n = |V | be an integer. Consider the relaxation:

max
1

4

∑
ij∈E

wij ||xi − xj ||2

s.t. xi ∈ Rk and ||xi||2 = 1

This relaxation can be written as a semidefinite programming (SDP) problem. As a side
note, X � 0 is convex since:

A,B � 0→ xTAx ≥ 0, xTBx ≥ 0,∀x ∈ Rn

→ xT (λA+ (1− λ)B)x ≥ 0,∀λ ∈ [0, 1]

→ λA+ (1− λ)B � 0,

(4)

which satisfy the definition of convexity.
Define a matrix X ∈ Rk×k by Xij = 〈xi, xj〉, then ||xi||2 = Xii and ||xi − xj ||2 =

Xii +Xjj − 2Xij , we get the following SDP problem:

max
1

4

∑
ij∈E

wij (Xii +Xjj − 2Xij)

s.t. Xii = 1,∀i = 1, 2, ..., k

X � 0

We can derive a randomized algorithm from the solution of this convex optimization for the
max-cut problem [1]. The solution of this problem gives a set of vectors {x1, x2, ..., xn}. To
obtain a partition of V (G), pick a random hyperplane in Rk to partition all the vectors into
two groups, in other words, pick a random vector r = (r1, ..., rk)T ∈ Rk where each ri is
independently picked from N(0, 1). And look at 〈xi, r〉, if 〈xi, r〉 ≥ 0, let yi = 1, otherwise

let yi = −1. Now we compare E
(

1

4

∑
ij∈E wij(yi − yj)2

)
with

1

4

∑
ij∈E wij ||xi − xj ||2. Let

the angle between xi and xj be θij , we have

1

4
E(yi − yj)2 =

θij
π
, (5)

and

1

4
||xi − xj ||2 =

1

2
(1− cos θij). (6)

Therefore, term by term,

E
(

1

4

∑
ij∈E wij(yi − yj)2

)
1

4

∑
ij∈E wij ||xi − xj ||2

≥ 2θij
π(1− cos θij)

≥ min
θ∈[0,π]

2θ

π(1− cos(θ))
≈ 0.87857. (7)

It is shown that the best possible approximation performance is 0.941 [2]. �
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Example 1.4 (Max weight perfect matching). A matching in a graph G(V,E) is a set
of edges without common vertices. The maximum weight perfect matching problem can be
written as:

max
∑

(i,j)∈E

wijxij

s.t.
∑
j

xij = 1,∀i

xij ∈ {0, 1}

Relax the constraints to a convex set (although there are exponentially many of them):

max
∑

(i,j)∈E

wijxij

s.t.
∑
j

xij = 1,∀i

0 ≤ xij ≤ 1∑
i∈S,j /∈S

xij ≥ 1, for any odd size subset S ⊂ V

There may be exponentially many odd subset constraints, so we cannot use them directly for
solving the optimization problem. However, there exists a polynomial-time separation oracle
for the perfect matching polytopes [3]. �

Going back to the general convex optimization problem: find min f(x) subject to x ∈ K,
where f is a convex function and K ∈ Rn is a convex set. Denote the optimal value of f by
OPT. For a fixed ε > 0, we want an algorithm for the following problem: find x ∈ K, such
that f(x) ≤ OPT + ε. In order to find such an algorithm, we need oracle access to f and K.
The oracle for f is simply given x, output f(x).

Definition 1.2 (Well-guaranteed separation oracle). A convex body K ∈ Rn is sepci-
fied by r,R > 0 and an oracle that takes as input any point z ∈ Rn and returns YES if z ∈ K
and NO otherwise, along with a separating halfspace, i.e., a vector s.t. aTx ≤ aT z for all
x ∈ K. If K is non empty, there exisits a point x0 s.t. x0 + rBn ⊂ K ⊂ RBn.

A membership oracle only returns YES if z ∈ K and NO otherwise.

Example 1.5. If K is a polyhedron, then a separation oracle for K is given by r and R
such that x0 + rBn ⊂ K ⊂ RBn, and upon a query for z. It checks all the defining linear
inequalities, and outputs z ∈ K if all the inequalities are satisfied, otherwise it outputs x /∈ K
and the separating hyperplane is given by the violated linear inequality. �

Example 1.6. In a SDP problem, upon a query for Y , the separation oracle computes the
eigenvalues of Y using SVD, and outputs Y � 0 if all the eigenvalues are nonnegative,
otherwise, SVD will output a vector v such that vTY v < 0, i.e. tr(vvTY ) < 0, and for any
X � 0, tr(vvTX) ≥ 0, therefore providing a separating hyperplane. �

Solving a convex optimization problem is equivalent to solving a feasibility problem:
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1. Feasibility ⇒ OPT. If f is a convex function, then

(a) Fact 1: the sublevel set S = {x : f(x) ≤ t} is convex. Take two points a, b ∈ S
and λ ∈ [0, 1]. Since f is convex,

f(λa+ (1− λ)b) ≤ λf(a) + (1− λ)f(b) ≤ λt+ (a− λt) = t. (8)

(b) Fact 2: if S and K are convex, then S ∩K is also convex.

Therefore, a convex optimization problem

min f(x)

s.t. x ∈ K

can be solved by solving the feasibility problem

find x ∈ {x : f(x) ≤ t} ∩K,

and a binary search for t.

2. OPT ⇒ Feasibility: just make the objective function a constant, and the optimization
problem will return a solution that is feasible.

Note it is possible to get a separation oracle for the convex set K ∩ {x : f(x) ≤ t} using
the separation oracle for K and the values of f . If the exact form of f or its gradient is
known, it is also easy to get a separation oracle.

1.2 Ellipsoid Algorithm

An ellipsoid Ell(z,D) is the set {x : (x− z)TD−1(x− z) ≤ 1}, where D � 0. It can also be
written as

Ell(z,A) = z +D1/2Bn = {y : y = z +D1/2x, x ∈ Bn}

and the volume of the ellipsoid is |det(A)|1/2Vol(Bn).

Algorithm 1.7. (Ellipsoid Algorithm)

1. Let i = 0, Ei = Ell(0, R2I) = RBn, zi = 0;

2. Query the oracle for zi ∈ K?, if the answer is YES, output zi and terminate; if the
answer is NO, the oracle outputs a separating hyperplane with norm a;

3. Ei+1 ← the minimal volume ellipsoid containing Ei∩{x : aTx ≤ aT z} via the following
updating formula:

zi+1 = zi −
1

n+ 1

Dia√
aTDia

(9)

Di+1 =
n2

n2 − 1

(
Di −

2

n+ 1

Diaa
TDi

aTDia

)
(10)
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4. Repeat step 2 and 3 for T times. If the algorithm does not find a feasible z, output “K
is empty”.

To show the algorithm is a polynomial-time algorithm, we need to show the minimum
volume ellipsoid in step 3 can be found efficiently and only polynomial size T is needed. We
prove the following lemma and theorem.

Lemma 1.8 (Half-ellipsoid). Let Ei be the ellipsoid found in the ith iteration of the ellip-
soid algorithm, then

Vol(Ei+1) ≤ e−1/(2n+2)Vol(Ei). (11)

Proof. By a linear transform y 7→ A1/2(y − z), the ellipsoid Ei is transformed to a unit
ball. Using a further rotation transform, the separating hyperplane can be transformed the
coordinate plane that is perpendicular to the x1 axis and K is contained in {x : x1 ≥ 0}.
Note this transformation is explicitly given by the A matrix and the separating hyperplane.
After obtaining the transformed ellipsoid Ei+1, we can perform the inverse transform to get
Ei+1 in the original coordinates, therefore the minimum volume ellipsoid in step 3 can be
found in polynomial-time.

By symmetry, the center of the Ei+1 is on the x1 axis. The feasible points inside Ei+1

can be denoted by

(x1 − z)2

a2
+
x22
b2

+ ...+
x2n
b2

= 1. (12)

Ei+1 goes through (1, 0, ..., 0) and (0, 1, 0, ..., 0), so a = 1− z, and

z2

(1− z)2
+

1

b2
= 1⇒ b =

1− z√
1− 2z

. (13)

Therefore the ratio between the volumes of the two consecutive ellipsoids is

f(z) =
V ol(Ei+1)

V ol(Ei)
=
abn−1

1
=

(1− z)n

(1− 2z)(n−1)/2
. (14)

To minimize this ratio, we set ∂f(z)
∂z = 0 and get z = 1/(n+ 1). And the ratio becomes:

f(z) =

(
1− 1

n+ 1

)(
1 +

1

n2 − 1

)(n−1)/2

≤ e−
1

n+1+
1

n2−1
·n−1

2 = e−1/(2n+2).

�

Theorem 1.9 (Ellipsoid Algorithm). Given a convex body specified by a well-guaranteed
separation oracle with parameters r,R, the Ellipsoid Algorithm finds a feasible point in K
or returns ”K is empty” using O(n2 log(R/r)) oracle calls and poly(n, log(R/r)) additional
arithmetic operations.

Proof. By the lemma, after T iterations,

V ol(ET ) ≤ e−T/(2n+2)V ol(E0). (15)

Note upon termination, the ellipsoid contains a ball of radius r, so V ol(ET ) ≥ rnV ol(Bn).
The initial ellipsoid has volume V ol(E0) = RnV ol(Bn). Therefore we get

eT/(2n+2) ≤ Rn

rn
⇒ T ≤ (2n+ 2)n ln

R

r
⇒ T = O(n2 log(R/r)). (16)
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We also have the following theorem about the best possible time complexity of an algo-
rithm that utilize the oracle model.

Theorem 1.10 (Optimality). The complexity of the convex feasibility problem with a sep-
aration oracle is Ω(n log(R/r)).

Proof. Suppose rQn ⊂ K ⊂ RQn with real numbers r < R. For any query z ∈ K?, if
the answer is YES, then stop and output this point; otherwise, the oracle gives a separating
hyperplane that passes through the geometric center of the current cube, and the remaining
set is still a cube. This step reduces the volume of the cube by at most 1/2. Therefore, at
least

log

(
R

r

)n
= n log

R

r
(17)

oracle calls are needed. � There exists a shallow-cut ellipsoid algorithm that attains this

bound.

1.3 Rounding

Another application of the ellipsoid algorithm is the problem of “rounding” or “sandwiching”
a convex body. A set K ∈ Rn is called a convex body if it is convex, bounded and fully
dimensional. The “rounding” problem is:

Problem 1.11. Given a convex body K, find an ellipsoid E, such that E ⊂ K ⊂ αE for
anα as small as possible.

Example 1.12. The minimum α values for the n-dimensional ball Bn, cube Qn and simplex
∆n are α(Bn) = 1, α(Qn) =

√
n, and α(∆n) = n, respectively. �

A convex body K is said to be centrally symmetric if for any x ∈ K, we have −x ∈ K.

Theorem 1.13 (The Löwner - John ellipsoid theorem). In general,

1. for any n-dimensional convex body, α ≤ n;

2. for any centrally symmetric convex body, α ≤
√
n.

The ellipsoid E is the maximal volume inscribed ellipsoid of K. Finding the optimal rounding
ellipsoid E is a hard problem [4].

However for polytopes, we have the following theorem:

Theorem 1.14. Given a n-dimensional convex body K,

1. there exists a deterministic polynomial-time algorithm that finds an ellipsoid E, such
that E ⊂ K ⊂ (n+ 1)

√
nE, and

2. for any ε > 0, there exists a randomized polynomial-time algorithm that finds an ellipsoid
E, such that E ⊂ K ⊂ (1 + ε)

√
nE.

The deterministic algorithm is a modification of the ellipsoid algorithm

Algorithm 1.15. Given a convex body K.
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1. Use the ellipsoid algorithm to find a z ∈ K, and an ellipsoid Ell(z,A) that contains K.

2. Denote the half axis of Ell(z,A) by a1, a2, ..., an. For each i = 1, 2, ..., n, query whether
z ± (ai)/(n+ 1) ∈ K. If any of the answers is no, then the separating oracle provides a
separating hyperplane at the same time. Using the same procedure as in the ellipsoid
algorithm, we get a new ellipsoid Ell(z′, A′) that still contains K. Repeat this step with
the new ellipsoid. We refer to this step as a ”shallow cut”. If all the answers are YES,
go to step 3.

3. Denote E the current ellipsoid that contains K. Since all the answers to queries are YES,
the cross-polytope with half-axis a1/(n+1), a2/(n+1), ..., an/(n+1) is contained in the
set K, and it is easy to see the inscribed ellipsoid of this cross-polytope is 1

(n+1)
√
n
E.

Therefore 1
(n+1)

√
n
E ⊂ K ⊂ E.

To see the algorithm terminates in polynomial time, we need every shallow cut to reduce
the volume of ellipsoid by a sufficient amount. The proof of this claim is similar to the
argument in the ellipsoid algorithm.

Exercise 1.1 (Shallow-cut ellipsoid). Let E be an ellipsoid with axes a1, ..., an and center
z. Thake any halfspace H containing z + (a1/(n + 1)) in its bounding hyperplane. Let E1

be the minimum volume ellipsoid containing E ∩H. Show that Vol(E1) ≤ e−c/nVol(E) for
some absolute constant c.

By the conclusion of the above exercise, the algorithm needs at most O(n2 log(R/r))
shallow cuts, and therefore is polynomial time.

We discussed the convex optimization algorithms using the separation oracle for the fea-
sible domain. For the case where only membership oracle access is available, we also have
similar results, that is

Theorem 1.16. Given a convex optimization problem

min f(x)

s.t. x ∈ K

where f is a convex function, K is a convex set and ε > 0. Denote OPT the optimal value
of f . If a membership oracle for K is available, then there exists an algorithm that finds a
x ∈ K, such that f(x) ≤ OPT + ε in poly(n, log(1/ε), log(R/r)) time.
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